Abstract. This paper presents the implementation of the finite volume method to solve the radiative transfer equation in a commercial code. The particularity of this work is that the method applied on unstructured hexahedral meshes does not need a pre-processing step establishing a particular marching order to visit all the control volumes. The solver simply visits the faces of the control volumes as numbered in the hexahedral unstructured mesh. A cell centred mesh and a spatial differencing step scheme to relate facial radiative intensities to nodal intensities is used. The developed computer code based on FVM has been integrated in the CFD solver FINE TM /Open from NUMECA Int. Radiative heat transfer can be evaluated within systems containing uniform, grey, emitting, absorbing and/or isotropically or linear anisotropically scattering medium bounded by diffuse grey walls. This code has been validated for three test cases. The first one is a three dimensional rectangular enclosure filled with emitting, absorbing and anisotropically scattering media. The second is the differentially heated cubic cavity. The third one is the L-shaped enclosure. For these three test cases a good agreement has been observed when temperature and heat fluxes predictions are compared with references taken, from literature.
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Introduction
In CFD, finite volume methods are widely used because they ensure conservation laws over the control volume surrounding a node. These methods are also used for convective heat transfer. Finite volume method for radiation (FVM) [1] , the numerical technique for solving the radiative transfer equation (RTE) , is based on the same control volume technique as used in computational fluid dynamics. Compared with other methods such as zonal method, P N approximation and Monte Carlo, FVM is thus known to be more compatible with the numerically discretized forms of momentum and energy in nonorthogonal structured or unstructured grids [2, 3] . It transforms the radiative transfer equation to a set of algebraic equations, one for each combination of control volume and solid angle. A differencing scheme that relates a volume facial intensity to a nodal one is required for each To whom any correspondence should be addressed direction. A marching order to scan all domain control volumes for each direction is required but it is memory consuming and hard to establish, especially for unstructured meshes.
In this paper, in order to avoid the establishment of this marching order when solving discrete algebraic equations, the solver only visits control volume faces as numbered in the mesh. Each face only limits two control volumes. The use of the "face by face browsing" allows dealing easily with unstructured grids. Scattering is an important phenomenon in many scientific fields and processes. In combustion chambers, scattering of radiation is mainly due to the presence of particles (e.g. soot). To take scattering into account, anisotropic and linear anisotropic scattering phase functions have been used in the present study. The computer code developed and integrated in the CFD solver FINE TM /Open from NUMECA Int. calculates the variables needed by the coupling procedure between the radiative transfer and the CFD when solving the energy conservation equation. These variables are the energy radiative source terms and the radiative heat fluxes at the boundaries. The code estimates this information starting from the fields of concentration and temperature provided by the solution of Navier-Stokes equations using a hexahedral mesh. The radiative heat transfer can be evaluated within media containing uniform, grey, emitting, absorbing and/or isotropically or linear anisotropically scattering medium bounded by diffuse grey walls.
Finite volume method

Radiative Transfer Equation (RTE)
The radiation intensity for an absorbing, emitting and scattering grey medium at any position r  along a path s  is governed by:
Where κ and s σ are the absorption and scattering coefficients and
is the scattering phase function for a radiation coming from a direction ' s  to a scattered direction s  . For grey diffusely reflecting walls, the radiative intensity emitted into the medium from the boundary at a point r is given by: 
Principle
In the FVM formulation [1, 2, 3] , the domain is divided into a number of control volumes; for each one, the radiative intensity is located at the centre. The solid angle, 4π steradians, is discretized into N=N θ .N φ directions. θ is the polar angle ranging from 0 to π and φ is the azimuthal angle ranging from 0 to 2π. A set of discretized linear equations is obtained by integrating the radiative heat transfer equation over the whole domain. The resolution of the radiative transfer equation for each direction M (M=1…N) allows to obtain the directional intensities I M . Associated with control solid angles, they are used to evaluate the radiative source terms and wall heat fluxes. The subscripts m and n represent, respectively, the number of polar angles and azimuthal angles associated with the direction i s 
Angular discretization
. Although the control solid angle can be defined arbitrarily [5] in the present study a uniform angular discretization is used:
Finite volume formulation
Integration of equation (1) over a given control volume V p and control solid angle ΔΩ mn is done by assuming that the magnitude of the intensity is constant but its direction varies within the control volume V p and control solid angle ΔΩ mn . The following finite volume formulation can be obtained (N f is the number of faces limiting the control volume and A j the surface areas) [28] : to a nodal one.
Differencing scheme
A weighted difference scheme is very useful in the case of unstructured meshes [6, 7, 8, 9, 10 and 11] . It is based on the following formulation: 
Equation (11) is an algebraic equation relating intensity . Then, it can be equal to the value in the neighbouring control volume or to the value of the control volume Vp. By using this differencing scheme, the calculation can be done face by face.
Control volume faces browsing
In a control volume faces browsing method, the solver visits the faces of the control volumes as numbered in the mesh. To record the exchange between control volumes across each visited face, the equation (11) ). From equations (11) and (12) 
For a given control volume, the incident radiation G p evaluated at its centre P is calculated as follows:
The source term S r is calculated as follows: 
Scattering phase functions
Test cases: results and discussion
The code is tested for enclosures of simple geometry already studied by other authors. The first test refers to a three dimensional rectangular enclosure also called ideal furnace studied by Truelove [14, 15] for emitting, absorbing and/or anisotropically or isotropically scattering media. The second is a differentially heated cavity, studied by many investigators using different methods [16, 17 and 18] . The third one is a L-shaped enclosure studied by Malalasekera et al using the discrete transfer method [19] .
Three dimensional enclosure
The three-dimensional rectangular enclosure (see figure 5 ) is considered filled with grey absorbing emitting and/or scattering medium. Its dimensions are 2m x 2m x 4m -in the x, y and z direction respectively. As shown in figure 5 , small walls are at 1200 and 400 K while the other four walls are maintained at 900 K. The walls are supposed to reflect and emit diffusively, and to have emissivities of 0.85 for the hottest wall and 0.7 for the remaining walls [22] . In this problem, conduction and convection effects are neglected. Hence, the medium is assumed to be at radiative equilibrium with an additional homogeneous heat source figure 4 shows a good agreement of the FVM results with those of zone method and DOM S4 [14] . For linear anisotropic scattering the agreement of the FVM and DOM S4 is also good. However, results of P1 method [24] denote a significant difference with the zonal and DOM S4 methods. As explained by Truelove [14] , the effect of isotropic scattering is an increase of the emissive power
, while the heat flux distribution is unchanged for specified radiative flux in the medium. The FVM results given in figure 4 are consistent with this explanation.
Linear anisotropic scattering increases the absolute value of the heat flux by about 5% at the walls as shown in figure 6 . This effect is to be expected because the net radiative flux is directed from the hot to the cold surface (in the + z direction) and is enhanced by forward scattering (a=1). Comparison in figure 7 shows a good agreement of the temperature profiles calculated by FVM, the zone method [14] , and DOM S4 [14] , for the case of purely emitting and absorbing media and isotropically scattering media. However, for linear anisotropic scattering, the gap between FVM and DOM S4 is more pronounced near the cold wall. P1 results by Park [24] and by FINE TM /Open from NUMECA Int. denote a significant difference with the zonal, FVM and DOM S4 methods for the three cases. Compared to the case without scattering, isotropic scattering increases temperature profiles by increasing uniformly throughout the medium the emissive power
, while linear anisotropic scattering tends to make temperature distribution more uniform than isotropic scattering.
Differentially heated cavity
For this case, the study is focused on combined radiation and natural convection for different optical thicknesses and different Rayleigh numbers for the case of purely absorbing, emitting grey medium in a cubic enclosure with sides of unit length L=1m. Scattering is neglected according to the previous results in the literature [18, 25 and 26] which state that scattering has hardly any effect on the heat transfer in this case. As shown in figure 9 , the two opposite side walls of the enclosure are kept at a different temperature. The "west" wall is at T h , the "east" wall at T c with T h > T c while the others are adiabatic. All walls are treated as black bodies (ε=1). To characterize the medium, the following assumptions are considered:
• The flow is laminar, newtonian, and incompressible • The thermophysical properties of the fluid are constant and a Boussinesq variable density formulation is used to incorporate change in density due to temperature difference. The density is also constant in all the terms of the Navier-Stokes equations except for the buoyancy term. The strategy of the Navier Stokes equations (NSE) and radiative transfer equation (RTE) solution is stated as follows:
1. Initialize the velocity, temperature, and intensity field 2. Solve the RTE from the current temperature field for a fixed number of iteration For this study, the Planck number
, where k is the convection coefficient and σ the Stephan-Boltzman constant, is fixed to Pl=0.016. The Prandtl number is fixed to Pr= 0.71. Tables 1 and 2 show average of dimensionless convective and radiative heat fluxes at the hot wall for three Rayleigh numbers and 3 different optical thicknesses (τ) in a range from 1 to 30 evaluated by four methods. The agreement of the FT n -FVM [27] , DOM S4 [16] and FVM is good for radiation and convection. As expected, for low optical thicknesses, the P1 method denotes a significant difference with FT n -FVM [27] , DOM S4 [16] and FVM for the evaluation of average of dimensionless radiative heat fluxes. In FT n FVM the polar angle is divided uniformly into an even number, n, while the azimuthal angle is uniformly divided so that the total number of the control angles, N, is given as n(n + 2), which is the same as the number of the discrete ordinate directions of the S N DOM. More details on FT n -FVM can be found in [27] . Profiles of dimensionless average total heat flux versus dimensionless depth Z/L at the hot wall in figure 8 confirm the agreement of results of both methods; DOM S4 from Colomer [16] and FVM. They also show that the radiative heat flux at the hot wall decreases as the optical thickness increases. Isothermal surfaces in figure 9 , calculated for four Rayleigh numbers and an optical thickness τ=1, show that for low Rayleigh numbers the conduction heat transfer prevails and the isotherms are nearly vertical (parallel to the gravity field). For high Rayleigh numbers, the isotherms become more horizontal, since the natural convection term, which dominates the conductive term, tends to convey the hottest fluid above the coldest. Thus the isotherms are nearly horizontal (perpendicular to gravity field) in the middle region of the enclosure [16] . 
L-shaped enclosure
In order to test the code in the case of enclosures with arbitrary geometry a L-shaped enclosure [19, 20, 22 and 23] containing an emitting-absorbing medium at a temperature of 1000 K is considered (see figure (10) ). The walls are black at 500 K. Figure (11) shows the evolution of the predicted net heat flux along the A-B line (marked on figure 10 ) for five values of the absorption coefficient of the medium. Results calculated by FVM are performed with a mesh of 16384 control volumes and 16 directions (N θ =4 and N φ =4).The FVM predictions are in good agreement with those of Malalasekera et al [20] who used the discrete transfer method with a body-fitted grid arrangement to discretize the enclosure and 16x16 rays for angular discretization. 
Conclusion
In this study, a finite volume method (FVM) is developed and used to predict three-dimensional radiative heat transfer within an absorbing, emitting and scattering media without a need to a preprocessing step establishing a particular marching order to visit all the control volumes. The developed computer code based on this method is integrated in the unstructured CFD solver FINE TM /Open from NUMECA Int. Then it is applied to three types of enclosures. In the first enclosure, the effects of isotropic and linear anisotropic scattering is investigated and results show that linear anisotropic scattering increases the absolute value of the heat flux. In the second enclosure, the study of combined radiation and natural convection for different optical thicknesses and different Rayleigh numbers shows that heat transfer is dominated by the radiation for lower optical thicknesses. When Rayleigh number increases, the natural convection term dominates the conductive term and isotherms become more horizontal. In the third enclosure, the effect of the shape of the enclosure is studied. For the three enclosures, calculated results are compared with the zone method, discrete ordinates method (DOM) or discrete transfer method from the literature. A good agreement has been observed for both temperature and heat fluxes predictions by the FVM. As expected, the comparison between FVM and P1 shows that the FVM is more accurate for lower optical thicknesses and as accurate as P1 for higher values. Thus, integration of the FVM in FINE TM /Open from NUMECA Int. leads to accurate prediction of the variables needed by the coupling procedure between the radiative transfer and the CFD when solving the energy conservation equation.
